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DOUBLE-GENERIC INITIAL IDEAL AND HILBERT SCHEME 


C. BERTONE, F. CIOFFI, AND M. ROGGERO 


Abstract. Following the approach in the book “Commutative Algebra”, by D. Eisen- 
bud, where the author describes the generic initial ideal by means of a suitable total 
order on the terms of an exterior power, we introduce first the generic initial extensor 
of a subset of a Grassmannian and then the double-generic initial ideal of a so-called 
GL-stable subset of a Hilbert scheme. We discuss the features of these new notions 
and introduce also a partial order which gives another useful description of them. The 
double-generic initial ideals turn out to be the appropriate points to understand some 
geometric properties of a Hilbert scheme: they provide a necessary condition for a Borel 
ideal to correspond to a point of a given irreducible component, lower bounds for the 
number of irreducible components in a Hilbert scheme and the maximal Hilbert function 
in every irreducible component. Moreover, we prove that every isolated component hav¬ 
ing a smooth double-generic initial ideal is rational. As a byproduct, we prove that the 
Cohen-Macaulay locus of the Hilbert scheme parameterizing subschemes of codimension 
2 is the union of open subsets isomorphic to affine spaces. This improves results by J. 
Fogarty (1968) and R. Treger (1989). 


Introduction 

Let Hilbp(-j) denote the Hilbert scheme parameterizing all subschemes in a projective 
space with Hilbert polynomial p{t) over an inhnite held K. The Hilbert scheme was 
hrst introduced by Grothendieck [26] in the 60s and, although it has been intensively 
studied by several authors, its structure and features are still quite mysterious. Also 
the topological structure of a Hilbert scheme is not well-understood yet. For instance, 
in general it is not known how many irreducible components a Hilbert scheme has and 
which of them are rational. In these topics, some few special cases have been treated, for 
example, by J. Fogarty [24], R. Piene and M. Schlessinger [35], R. Treger [40], P. Leila 
and M. Roggero [31]. 

The aim of this paper is to develop algebraic constructive methods in the context 
of the computation of initial and generic initial ideals, in order to study properties of 
the Hilbert scheme. Therefore, we often identify a point of Hilb^^^^ with any ideal in 
S := K[xo,... ,x„] dehning it as a scheme in P^ and we endow S with a term order. 
By our techniques, we give some lower bounds for the number of irreducible components 
of Hilbp(^) and determine the maximal Hilbert function in every irreducible component. 
Moreover, we obtain some interesting results about the rationality of the components 
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of in particular for the components that contain a point corresponding to an 

arithmetically Cohen-Macaulay scheme in codimension two. 

The notion of generic initial ideal has attracted the attention of many researchers since 
its hrst introduction. Indeed, a generic initial ideal gin(J) of a homogeneous ideal I C S 
contains many information about the ideal I and about the scheme dehned by I (e.g. [23]). 
It is noteworthy that gin(/) can be obtained from / by a flat deformation corresponding 
to a rational curve on the Hilbert scheme. Furthermore, the set of generic initial ideals 
coincides with that of Borel-hxed ideals, which appear as a useful tool in the investigation 
of the Hilbert scheme, especially for what concerns its components, already in the 60s [28]. 
Indeed, “every component and intersection of components of a Hilbert scheme contains at 
least one Borel-hxed ideal” [36]. This property follows essentially by two facts: the generic 
initial ideals are Borel-hxed and the irreducible components of Hilbp^^^ are invariant under 
the action of the general linear group GL := GL^in -|- 1) induced by the action on S. 

Every component of Hilb^^^^ can contain more than one Borel-hxed ideal. Nevertheless, 
for any given term order in S and for every irreducible component Y of Hilb^^^), we 
identify a special Borel-hxed ideal Gy, which we call double-generic initial ideal, and 
which gives us information about Y. Roughly speaking, Gy is the “generic initial ideal 
of the generic (and the general) point of H”(see Dehnition 4.5). The introduction and 
the investigation of the notion of double-generic initial ideal have been inspired by the 
ideas of both Grobner strata and marked schemes, which support the main results of 
this paper, although they do not explicitely appear. In fact, some of our examples have 
been obtained by the available computational methods already developed in the study of 
marked schemes by several authors. 

It is not easy to get a generic initial ideal: a deterministic computation using parameters 
can be very heavy, while random changes of coordinates gives a non-certain result. The 
double-generic initial ideal overcomes these difficulties, since it is easy to individuate Gy 
starting from the list of Borel-hxed ideals on H: it is sufficient to detect the maximum 
in this list w.r.t. a suitable order on the Borel-hxed ideals of Y (see Theorem 5.4 and 
Gorollary 5.6). 

Along the paper, we consider the classical scheme-theoretic embedding of the Hilbert 
scheme Hilb^^j) in the Grassmannian Gr^^, where Sm is the vector space of the ho¬ 
mogeneous polynomials in S of degree m, for m a sufficiently large degree, and q := 
~ p(’Li). More precisely, it is sufficient to take m > r, where r is the Gotzmann 
number of the Hilbert polynomial p{t) (for more details see for instance [14]). Since in 
turn the Grassmannian Gr^^ can be embedded in P(A'^S'm) via the Pliicker embedding, a 
point V of Hilbp(-jj can be identihed with a non-zero totally decomposable tensor, i.e. an 
extensor /i A • • • A /g, where fi,...,fq e Sm are linearly independent polynomials such 
that the ideal (/i,..., fq) dehnes the projective subscheme corresponding to V. 

In the above setting, we follow the approach presented by D. Eisenbud in his book [18] 
to deal with the generic initial ideal by means of a suitable total order on the terms of 
A'^S'm, depending on the term order -< on S' (see (2.1)). Thus, we associate to every subset 
W of Gr|^ a suitable set of terms in A'^S'm called A-support of W (see Dehnition 2.2), 
and then introduce the initial extensor in(hF) of W as the maximum of the A-support of 
W. Further, we also introduce the generic initial extensor gin(hF) of W as the maximum 
of the A-support of the orbit of W under the usual action of GL on Gr| (see Dehnition 
2.4). We prove that in(hF) and gin(hF) do not change when W is replaced by its closure 
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W (Proposition 2.9). In particular, if W is closed and irreducible, in(lP) and gin(lP) 
can be read as the initial extensor and the generic initial extensor of either the generic 
point of W or the set of closed points of W (Proposition 2.9, Remark 2.10). Moreover, 
exploiting the analogous property for ideals given in [18, Theorem 15.18], we prove that 
gin(lP) is hxed by the Borel subgroup of GL, up to multiplication by a non-null element 
of K (Theorem 2.7 and Corollary 2.11). 

In Section 3, we focus our attention on the subsets W of Gr% that are closed and stable 
under the action of GL and prove that m{W) and gin(lP) coincide and the corresponding 
point of the Grassmannian belongs to W (Proposition 3.1). If W is closed and irreducible, 
then there is a dense open subset of W consisting of points having gin(iy) as generic initial 
extensor (Proposition 3.3). 

In Section 4, we concentrate on subsets of the Hilbert scheme. We prove that there 
is a perfect correspondence between the notions of initial and generic initial extensor of 
any point V of Hilb^^j) and those of initial and generic initial ideal of any ideal dehning 
R as a subscheme of (Theorem 4.2 and Corollary 4.3). Furthermore, we prove that 
if y C Hilbp(j) is irreducible, closed and invariant under the action of GL, then the 
ideal associated to gin(y) does not depend on the chosen m > r for the embedding 
in a Grassmannian scheme (Corollaries 4.3 and 4.4). This allows us to dehne the double 
generic initial ideal of Y (Dehnition 4.5). We also present some relevant subsets of Hilb^^^) 
which are irreducible, closed and invariant under the action of GL (Examples 4.7 and 4.8). 

In Section 5, we introduce a suitable partial order on the terms of fYSm and prove 
that the initial extensor and the generic initial extensor of a closed irreducible subset 
W C are, respectively, the maxima of the A-supports of W and of its orbit with 

respect to this partial order (see Dehnition 5.3 and Theorem 5.4). Although a partial 
order might appear less convenient than a total order, this feature of -<-< is in fact a 
crucial point of the paper, which we exploit in order to obtain some relevant applications. 
We also explore some of the properties of this partial order, in particular when we consider 
either the degrevlex term order or a constant Hilbert polynomial (Propositions 5.10 and 
5.11). 

Finally, in Section 6, we present some interesting applications of the previous results. 
First, we point out a necessary condition for a Borel term to correspond to a point of a 
given irreducible component of a Hilbert scheme (Proposition 6.1). Then, we obtain lower 
bounds on the number of irreducible components of Hilb^^^^ simply counting the maximal 
elements with respect to -« among the extensor terms corresponding to the Borel-hxed 
ideals in Hilb^^^^. We observe that this bound depends on the chosen term order on S 
(Proposition 6.2 and Example 6.5). The list of all the saturated Borel-hxed ideals in 
Hilbp(^) can be obtained by the algorithms presented in [15, 30] in the characteristic zero 
case, and in [6] for every characteristic. 

Recall that, for every irreducible, closed subset Y C Hilb^j-j) that is stable under the 
action of GL, there is a maximum among the Hilbert functions of its points (Remark 6.8). 
We prove that this maximum is reached by the point corresponding to the double-generic 
initial ideal Gy, hence by the maximum with respect to when we choose the degrevlex 
term order on S (Theorem 6.6). We conjecture that an analogous result holds for minimal 
Hilbert functions, when the deglex term order is chosen. 


4 


DOUBLE-GENERIC INITIAL IDEAL AND HILBERT SCHEME 


We conclude by investigating the rationality of some components of a Hilbert scheme. 
We prove that, if V is an isolated irreducible component of and gin(y) corre¬ 

sponds to a smooth point in V, then V is rational (Theorem 6.10). In the hnal Example 
6.12, we exhibit a Hilbert scheme having two components with the same double-generic 
initial ideal which is smooth on each component, but singular on the Hilbert scheme. 
Thus, by Theorem 6.10 both these components are rational. As a relevant consequence 
of Theorem 6.10, by exploiting [21, Theoreme 2(i)] we prove that every component of 
Hilbp(j) containing a Cohen-Macaulay point of codimension 2 is rational (Corollary 6.11). 
More precisely, the Cohen-Macaulay locus of such a component is the orbit of an open 
subset isomorphic to an affine space under the action of GL. This improves results of J. 
Fogarty [24, Theorem 2.4 and Corollary 2.6] and R. Treger [40, Theorem 2.6] by inde¬ 
pendent arguments. All these results on rationality give a partial answer to one of the 
open questions on Hilbert schemes collected at the AIM workshop Components of Hilbert 
Schemes (Palo Alto, July 19 to 23, 2010) [1, Problem 1.45]. 

1 . Generalities 

Let S := K[xo,..., x^] be the polynomial ring over an inhnite held K. For every integer 
m, Sm denotes the homogeneous component of degree m of S'; if A C S', then Am denotes 
A n Sm- Elements and ideals in S will be always assumed to be homogeneous. A term r 

of S' is a power product r = Xq° .x""-. The set of all the terms of S will be denoted 

by T. 

We denote by -< a given term order in S and assume that Xq -< Xi -<•••-<: x„. In our 
setting, if r = Xq° ... x“" and a = Xq° ... x^" are two terms in S of the same degree, then 

• if -< is the deglex term order, then r -< a if and only if < f^k-, where k := 
max{i G { 0 ,..., n} I Q!i 7 ^ /?*}; 

• if -< is the degrevlex term order, then r -< a if and only if ak > Pk, where 

k ;= min{i G { 0 ,..., n} | 7 ^ /Jj}. 

If J is a monomial ideal in S', Bj denotes the monomial basis of J, i.e. the set of the 
terms that are minimal generators of J. For any non-zero polynomial f E S, the support 
Supp (/) of / is the set of the terms that appear in / with a non-zero coefficient. 

The maximal term occurring in the support of / with respect to -< (w.r.t. -<) is called 
the initial term of / w.r.t. -< and denoted by in^(/). If I is an ideal in S', the initial ideal 
in^(J) of I w.r.t. -< is the ideal generated by the initial terms of the polynomials in J. 
When there is no ambiguity, we will write in(/) and in(J) in place of in_.(/) and in^(J). 

A set {/i,..., /i} of monic polynomials of an ideal / is the reduced Grobner basis of I, 
w.r.t. if in(/) = (in(/i),..., in(/i)) and no term in Supp (/*) \ {in(/j)} belongs to in(/). 
We refer to [34] for an extended treatment of the theory of Grobner bases and related 
topics. 

We consider the general linear group GLx{n + 1) (GL, for short) of the invertible 
matrices of order n + \ with entries in K. g = {gij)i,j^{o,...,n} is a matrix in GL, g acts 
on the polynomials of S in the following way 

g-.S^S 

/(Xo,...,X„) ^ 9U) = f{Y.%o90jXj,---,YTj=Q9njXj) 

For every subset H C S', we let giV) = {^'(/(xo,... ,x„))|/ G H}. 
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If I is an ideal of S, we can consider m{g{I)). It is well-known that there is an open 
subset ^ 7 ^ 0 of GL such that, for every g E A, in{g{I)) is a constant monomial ideal 
called the generic initial ideal of / and denoted by gin_.(/) (or gin(J) when there is no 
ambiguity). In our setting, gin(J) is hxed under the action of the Borel subgroup of 
upper-triangular invertible matrices, hence it is a Borel-hxed ideal (Borel, for short) (see 
Galligo’s Theorem [25] for char(i^) = 0 and [5, Proposition 1] for a positive characteristic). 

Note that for every degree m: 

( 1 . 1 ) in(/m) = in(/)m and gin{Im) = gin(/)m- 

The saturation of the ideal / C S' is the ideal := Ufc>o(/ ; (xq, ... ,Xn)^) and / is 
saturated if J = P^^. The schemes Proj {S/I) and Proj {S/P) are equal as subschemes of 
if and only if I and P have the same saturation. 

Given a homogeneous ideal I in S', we refer to [19, Ghapters 1 and 4] for the dehnitions 
of the Hilbert function (denoted by Hs/i), Hilbert polynomial and Gastelnuovo-Mumford 
regularity, or simply regularity (denoted by reg(/)). Here, we recall that the regularity 
reg(X) of the scheme X = Proj {S/I) is the regularity of the ideal and reg(/) > 
reg(/^“*). Moreover, for every m > reg(/), we say that I is m-regular and the Hilbert 
function Hs/i satishes Hs/i{m) = p{m), where p{t) is its Hilbert polynomial. In this case, 
we will also say that p{t) is the Hilbert polynomial of I. Recall that, if m > reg(/), then 
Proj {S/I) can be completely recovered by the iP-vector space Im, since {ImY°'^ = P°'^- 
If char(iP) = 0, the regularity of a Borel-hxed ideal is the maximum of the degrees 
of its minimal generators. The initial ideal and the generic initial ideal of an ideal I 
have the same Hilbert function as I. However, their regularities satisfy the inequalities 
reg(in(/)) > reg(/) and reg(gin(/)) > reg(/), which sometimes are strict. Moreover, the 
initial ideal and the generic initial ideal of a saturated ideal can be no more saturated. 
However, if -< is the degrevlex term order, then I and gin(J) share the same regularity 
and each of them is saturated if the other is (see [4]). 

Example 1.1. Let / be the ideal (x^, 0 : 1 X 2 + x//) C iP[xo,Xi,X 2 ], with char(iP) = 0 (see 
[33]). The ideal I is saturated and reg(/) = 3, while, for every term order on S', in(/) = 
(x|, X 1 X 2 , XqX 2 , Xq) is not saturated, and reg(in(/)) = 4. If -< is the degrevlex term order, 
then gin(/) = (x|,XiX 2 ,xf) is a saturated ideal with regularity 3. If -< is the deglex term 
order, then gin(/) = (x|, X 1 X 2 , XqX 2 , x^) is not saturated with reg(gin(/)) = 4. 

2. Initial and generic initial extensors 

Let -< be a term order on S and m a positive integer. In the present section, we consider 
Sm as a iP-vector space. 

The initial space of a JP-vector space H C S'm is the JP-vector space in(l/) := (in(/)|/ G 
V). There is an open subset M 7 ^ 0 of GL such that, for every g E A, in( 5 f(l/)) is constant. 
This constant initial space is called the generic initial space of V and is denoted by gin(l/) 
(see [23] and the references therein). 

Let g be a positive integer and the Grassmannian of subspaces of Sm of dimen¬ 

sion q. We consider Gr|^ as a subscheme embedded in the projective space P(A^S'm) 
through the Pliicker embedding (for example, see [27]). 

Definition 2.1. An extensor (of step q) on Sm is a non-zero element of A'^Sm of the form 
/i A • • • A /g, with /i,..., /g e Sm- 
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Note that an element /i A • • • A G A'^S'm vanishes whenever the vector space generated 
by fi,..., fq has dimension lower than q. 

Following [18, Section 15.9], we say that an extensor term (or simply a term) in A'^S'm is 
an extensor of type Ti A - • • Ar^, with Tj G furthermore, we say that a term of A'^Sm 

is a normal expression if ri >- ■ ■ ■ >~ Tg. We denote by the set of the normal expression 
terms and from now on, whenever we consider a term Ti A • • • A G A'^Sm, we assume 
that it belongs to T| . Furthermore, T| is the iF-vector basis we always consider for 
the iF-vector space A'^Sm- We can compare the terms in lexicographically according 
to in the following way 

(2.1) Ti A • • • A Tq -< (Ti A • ■ • A (Tg 

3 j G {1,..., g} : Ti = CTj, V i < j, and tj -< aj. 

In this setting, for every L G T| , there is a unique Pliicker coordinate on Gr| 
corresponding to L, and vice versa. Moreover, Gr|^ = Proj {K[Al : L G T|^]) =: 

Proj (JF[A]). Therefore, ii V = {fi,..., fg) O Sm is a iF-vector space of dimension q, the 
extensor fi A ■ ■ ■ A fg has the unique writing XIlst'' ^lL, with Cl = AiiV) G K. 

For every L = ti A ■■■ A Tg G T|^, we will denote hy Ul the standard open set of 
Gr|^ corresponding to Ai, namely the locus of points in Gr|^ where A^ is invertible. 
Moreover, we will denote by vs(L) the vector space {ti, , Tg) in Gr|^. 

Definition 2.2. If IF is a non-empty subset of Gr| , the A-support of W is the following 
subset of T% : 

ASupp(lF) := {L UlHW ^ 0}. 

If W = {!/}, we simply write ASupp(l/) for ASupp({l/}). 

We will apply this definition and the related ones also to subschemes W of Gr|^, 
meaning that the A-support of a scheme is that of its underlying set of points (see also 
Example 2.8) 

If IF is a non-empty subset of Gr|^, then its A-support is non-empty. From now, we 
consider subsets of Gr|^ that are non-empty. 

Proposition 2.3. Let W be a subset o/Gr|^. 

(i) IfW is the closure ofW, then ASupp(lF) = ASupp(lF). 

(a) IfW is closed and W is the set of its closed points, then ASupp(lF) = ASupp(lF). 
(Hi) IfW is closed and irreducible andV is its generic point, then ASupp(lF) = ASupp(F). 

Proof, (i) It is immediate that ASupp(lF) C ASupp(lF), because IF C IF. We now 
prove the other inclusion. If L belongs to ASupp(lF), then there is at least a point V in 
UlH W. Thus, every open neighbourhood of V meets IF non-trivially, in particular Ul 
meets IF non-trivially. Hence, L belongs to ASupp(lF). 

Items (ii) and (hi) are straightforward consequence of (i), because IF = IF (for example, 
see [10, Chapter V, Section 3.4, Theorem 3]) and {V} = W, in the respective hypotheses. 

□ 

The action of GL on S dehned in Section 1 induces an action on A'^S'm in the following 
natural way: if iF = Ti A • • • Ar^ is a term in T|^, we set g{II) = g(ri) A • • ■ Agfig) G A'^S'm 
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where g G GL and then extend the action to every element in f\^Sm by linearity. Note 
that in general g{H) does not need to be a term. 

In a similar natural way, we obtain an action of GL on iL[A] and on Gr|^ (see also 
[27, Example 10.18]): for every g G GL and for every H G (hence, every Ah G A), 
if g{H) = then we set gi^An) '■= c^A^. Thus, for every point 

V of Gr| and for every element g of GL, by g{V) we mean the point of Proj {K[A]) 
corresponding to the prime ideal g{ci), with a the prime ideal dehning V. If 1/ is a JL-point 
of Gr|^, i.e. V = (/i ,..., fg) with /j G S^, then this action on V is exactly the usual 
action of GL on the polynomials generating 1/ as a iL-vector space. 

In this context, the orbit of G G Gr|^ is the set 0(V) := {giV) \ g G GL}. If hL is a 
subset of Gr|^, the orbit of W is 0(W) := UyewC^iV)- 

Definition 2.4. If hL is a subset of Gr^ , the initial extensor of W is 

in(hL) := max ASupp(IE) 

and the generic initial extensor of W is 

gin(hL) ;= i\i{0{W)) = max ASupp(C>(IE)), 

where the maximum is taken w.r.t. to the order as dehned in (2.1). \iW = {V}, we 
simply write in(I/) for in({I/}) and gin(I/) for gin({I/}). 

Remark 2.5. Note that, for every subset W of Gr|^, we have in(hL) ^ gin(hL) because 
ASupp(iy) C ASupp(C>(IE)). 

Definition 2.6. We say that a term L G is Borel-fixed {Borel, for short) if g{L) G (L) 
for every upper-triangular matrix g G GL. We will denote by the set of Borel terms. 

Note that a term L G is Borel if and only if the ideal generated by vs(L) in S is 
Borel. 

Theorem 2.7. Let V = (/i,...,/q) be a K-point of Gr|^ and let fi A ■■■ A fg = 
^lL. Then: 

Sm 

rjMSuppT) = {L e T|_ I Cl / 0}. 

(a) A'^in(I/) = (in(I/)), or equivalently in(I/) = vs(in(I/)). 

(Hi) A'^gin(I/) = (gin(G)), or equivalently gm{V) = vs(gin(I/)), and gin(I/) is Borel. 

Proof, (i) As already observed, for a iL-point V and a term L, we have AiiV) = cl ^ K. 
Hence, V belongs to Ul if and only if Al{V) is invertible in K, thus if and only if 
Al{V) is non-zero. 

(ii) If in(I/) = {ti, ... ,Tg), with ti >-•••>- r^, we can assume that fi,..., fg are poly¬ 
nomials such that in(/i) = r*, for every i G {1,..., q}. Then, exploiting item (i) we 
see that in(I/) = max^ ASupp((/i,..., fg)) = Ti A ■ ■ ■ A Tg. 

(hi) We immediately obtain the equality A'^gin(I/) = (gin(I/)) and can conclude by [18, 
Theorem 15.18], taking into account also formula (1.1). 

□ 

By the following example we underline that the dehnition of A-support of a subscheme 
W of Gr|^ does not depend on the possible non-reduced structure of W, i.e. the A- 
support of W coincides with the A-support of Moreover, whereas our dehnition of 
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A-support can be applied to all the subschemes W of a Grassmannian, the characterization 
of A-support given in Theorem 2.7(i) cannot be extended to every W, even when W can 
be dehned by an extensor. 

Example 2.8. Let S = iL[a;o,Xi,^ 2 ] be endowed with the degrevlex term order. Let us 
consider the non-reduced closed subscheme W C = Proj (JL[A]) dehned by the ideal 
I that is generated by A|, where L = x\/\ xiX 2 -, and by all the other Pliicker coordinates 
except IS.L and A^,/, where L' = xix^ Axf. Note that IT is a non-empty subscheme of the 
Grassmannian, since the radical of I is not irrelevant. Indeed, IT is a double structure 
on the closed iP-point V with Pliicker coordinates all equal to 0, except A^/. Then, IT 
does not intersect the standard open subsets of the Grassmannian, except Ey. Thus, we 
obtain ASupp(lT) = ASupp(T') = {L'] and in(lT) = in(T') = L'. 

Being a double structure over a closed iP-point, IT is isomorphic to the scheme Spec(iP[e]) 
(where = 0). Then, using the funtorial language, we can see IT as an element of 
Gr^g^{K[e]), where Grg „ denotes the Grassmann functor (e.g., see [11, formula (2.1) and 
Section 5]). 

Notice that IT is a special element of Gr| .(JP[£]), since it is given by the rank 2 free 
(not only locally free) submodule of S 2 <^KK[e] generated by /i = ex^ — xl and /2 = XiX 2 . 
Therefore, we can identify it with the extensor in A^(S '2 K[e]) 

/i A /2 = {exl — xl) A 0 : 1 X 2 = e{xl A X 1 X 2 ) — {x\ A X 1 X 2 ) = eL + L'. 

Now we can see that Theorem 2.7(i) cannot be extended to this case; in fact the coefficient 
of L m. eL + L' is e ^ 0, but L does not belong to ASupp(lT). 

Proposition 2.9. Let W he a subset o/Gr|^. 

(i) IfW is the closure ofW, then in(lT) = in(lT) and gin(lT) = gin(lT). 

(ii) If W is closed and W is the set of its closed points, then in(lT) = in(lT) and 
gin(lT) = gin(lT). 

(Hi) IfW is closed and irreducible and V is its generic point, then in(lT) = in(T) and 
gin(lT) = gin(T). 

Proof. For what concerns the initial extensor, the three statements directly follow from 
Proposition 2.3. For what concerns the generic initial extensor, the statements in (ii) and 

(iii) are consequences of (i), since IT = IT and {V} = IT in the respective hypotheses. 
Then, it remains to prove the statement about the generic inital extensor in (i). It is 
sufficient to show that ASupp(C>(lT)) = ASupp(0(lT)). We only prove the non-obvious 
inclusion. 

Let L be any term in ASupp(0(lT)). By dehnition, Ul H 0{W) is not empty. More 
precisely, there are an element g G GL and a point T G IT such that g{Vi) G Ul. Then, 
g{Vi) belongs to ULL\g{W), since g{W) = g{W). By the dehnition of closure, this implies 
Ul n ^(IT) ^ 0. Hence, Ul G C>(1T) ^ 0 and L G ASupp(C>(lT)). □ 

Remark 2.10. 

(i) In many cases, we will identify a closed subset IT of Gr|^ either with the set IT 
of its closed points or, if IT is also irreducible, with its generic point. Indeed, by 
Proposition 2.9, in(lT) and gin(lT) can be also read as the initial extensor and the 
generic initial extensor either of IT or, if IT is irreducible, of the generic point of 
IT. These facts will be useful because, up to an extension of the base held K to 
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the residue field Ky (where V is either a suitable point in W or the generic point of 
hh), they will allow to reduce our arguments to the case of a rational point. Note 
that, being K infinite, GL is Zariski dense in GL K' for every extension field K' 
of K, hence the computation of the generic initial extensor does not change after 
an extension of the base field. Furthermore, if K is algebraically closed and we can 
identify W with hF, then we do not need to extend the base field. 

(ii) If W is closed and irreducible, we can read in(hF) and gin(hF) as the initial extensor 
and the generic initial extensor of a general point in W. In fact, consider the two 
non-empty open subsets W := hF fl t/in(w) and W := fF fl U^in{w) of W. The sets 
W and W" of the closed points in W and hF", respectively, are both dense in W. By 
construction, we have in(l/) = in(hF) for every point V G W and gin(l/) = gin(fF) 
for every point V E W". 

Corollary 2.11. Let W be a subset o/Gr|^. Then, gin(lF) belongs to B|^. 

Proof. By Proposition 2.9 we can assume that W is closed. As observed in Remark 2.10, 
we can replace IF by a suitable closed point V of W, which can be considered as a JF-point 
after a possible extension of the base field. We conclude by Theorem 2.7(iii). □ 

3. Stable subsets under the action of GL 
In this section we focus our attention on the subsets W of Gre that are stable under 

Om 

the action of the group GL, i.e. g(W) = W for every g E GL. Under this hypothesis 
on W we see that the initial extensor and the generic initial extensor of W coincide. If, 
moreover, we assume that W is also closed and irreducible, then we obtain interesting 
properties of the two open subsets W n Vin(vL) and W fl Uin(w) of the points of W having 
in(hF) = gin(lF) as initial extensor and generic initial extensor, respectively (see formula 

( 3 . 1 )). _ 

Let U be a point in Gr|^. The closure OiV) of its orbit OiV) is irreducible, because 
0{y) is irreducible, and is stable under the action of GL because g{0{y)) C 0{V) 
by definition of orbit, for every g E GL, and hence g{0{V)) C g{0{V)) C 0{V). In 
particular, every subset W of Gr|^ that is stable under the action of GL is a disjoint 
union of orbits of its points under the action of GL. If, moreover, W is also closed, it is 
the union of the closure of these orbits. 

Proposition 3.1. Let W C Gr| be closed and stable under the action of GL. Then: 

(i) in(hF) = gin(VF). 

(ii) For every W C W, both vs(in(fF')) and vs(gin(fF')) belong to W. 

(Hi) IfW is reducible, then its irreducible components are stable under the action of GL. 

(iv) If Yi,... ,Yi are irreducible components of W, then every irreducible component of 

is stable under the action of GL. 

(v) Let U Y W be open and stable under the action of GL; the irreducible components 
ofW\U and those of the closure U of U are stable under the action of GL. 

Proof, (i) To prove in(hF) = gin(fF) it is enough to observe that in the present hypothesis 
W = 0(W). 

(ii) By Proposition 2.9 (i) and (ii), we may assume that W is closed and choose a closed 
point V E W such that in(U) = in(hF'). Extending the field of scalars, if necessary, we 
may assume that U is a JL-point. Exploiting the term order, we can construct a map 
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—)■ Gr|^ such that ip{l) = V= in(t/), and for every c 7 ^ 0, 1 ip{c) = gdV) 
where Qc G GL corresponds to a diagonal matrix in which the entries of the diagonal 
are suitable powers of c (see for instance [3]). Then we conclude, since W is closed and 
contains the orbits of its points. This same argument applies to gin(iy'). 

(iii) We have to show that every irreducible component Y of IT is stable under the 
action of GL, namely that g{Y) = Y for every g G GL. By topological arguments, g{Y) 
is an irreducible component of W. Let T be a point in Y not belonging to any other 
irreducible component of W. Then, Y is the only irreducible component of W containing 
the orbit OiV). On the other hand, OiV) = g{0{y)) is contained in g{Y) and, in 
particular, V G g(Y). Therefore Y = g(Y). 

Item (iv) follows directly from (iii). 

We now prove (v). For what concerns IT \ t/ it is sufficient to observe that it is 
closed in Gr|^ and stable under the action of GL. Hence, we can apply (iii). Finally, 
consider V & U \ U. The intersection of every open neighbourhood A of T with U is 
non-empty. Moreover, for every g G GL, g{A) is an open neighbourhood of g{V) and also 
its intersection with U is non-empty, because U is stable under the action of GL. Then, 
U is stable under the action of GL too and we again apply (iii). □ 

For every L G T| , consider the following subsets of Gr| : 

(3.1) Vi := {V e Gr|„ I in(V) = L}, Mi - {V e Gr|„ | gin(V) = L}. 

Obviously, vs(L) belongs to Vl, and Ul is non-empty if and only if L belongs to B|^. 
Thus, from now, when we consider Ul we assume that L is Borel. It is immediate that Ul 
is stable under the action of GL, while in general Vl is not, even when L is Borel-hxed. 
We also point out that Ul does not need to contain vs(in(T)) for every V E Ul, even 
when in(T) is Borel-hxed, as the following example shows. 

Example 3.2. Let us assume char(iF) = 0 and consider Gr|^ and the degrevlex term order 
on S' = K[xq,Xi,X2\ with xq -< Xi -< X2- If we take V = {x\,XqX2, X1X2 + xf), we obtain 
L := gin(T) = x^ A X1X2 A xf and L' := in(T) = A 0:1X2 A X0X2, both elements of 
Hence, V G Ul, but vs(in(T)) ^ Ul, because gin(vs(in(T))) = in(T) being in(T) 
Borel-hxed. On the other hand, V G Vl', but vs(gin(T)) ^ Vl'- 

For every Borel term L we will now examine the relations between the three subsets 
Ul, Vl and Ul of Gr|^. It is obvious that Vl Y Ul, by dehnition of initial extensor (see 
Dehnition 2.4), while in general Ul ^ Ul- Furthermore, as shown by Example 3.2, we can 
have both Vl and Ul ^ Vl- Some more detailed relations can be obtained taking 

into account the action of GL. 

Proposition 3.3. 

d) For every L G Vl = f/^ \ Ul>- 

S’771 

(zz) For every L G Ul = 0{Ul) \ UL'^L,L'eB| 0{Ul')- 

S>m 

(iii) {Vl}l&t'^ o-nd {UL}LeB'i are two stratifications of Gr% consisting of locally closed 
subsets. 

Moreover, ifW is a closed and irreducible subset of Gr|^ then 

(a) W n Vin{w) is a dense open subset ofW, while W IAVl is empty if L >- in(lT). 

(b) If W is also stable under the action of GL, then W O Wgin(iv) = W D C>(Vgin(vL)) = 
IT n C>(Vin(iv)) is a dense open subset ofW, while W UUl is empty if L >- gin(lT). 
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Proof, (i) and (ii) directly follow by the definition of initial extensor and generic initial 
extensor (see Definition 2.4) and by Corollary 2.11. 

For (iii) we observe that the two families cind are partitions of 

the Grassmannian, since every point V of Gr|^ is contained in exacly one set Vl, the 
one with L = in(l/), and in exacly one set Ul, the one with L = gin(l/). Moreover, by 
the previous items it follows that Vl and Ul are locally closed in Gr|^. 

(a) The intersection W DUl is empty when L >- in(hF) and W fl Uin(w) is not empty 
by dehnition of initial extensor. Then, exploiting (i) we get that also hF fl Vl = 0 when 
L >- in(hF), and W fl Vin(w) = W H Uin{w) is a dense open subset of W . 

To prove (b) we can apply the same arguments of the previous item and Proposition 
3.1(i). □ 

4. Hilbert scheme and double-generic initial ideal of a GL-stable subset 

Let p{t) be a Hilbert polynomial and denote by Hilb^^j) the Hilbert scheme paramete¬ 
rizing the set of all subschemes with Hilbert polynomial p{t) in the projective space P^. 
From now, we consider Hilb^^j) as a subscheme of Gr|^, where m is an integer larger 
than or equal to the Gotzmann number r of p{t) and q := —p{'m) (for instance, see 

[14]). Moreover, let -< be a term order in S. 

It is well-known that Hilb^^^j is invariant under the action of GL, as a consequence 
of the dehnition of Hilbert scheme. Thus, for many aspects, we can consider the Hilbert 
scheme simply as a closed subscheme W of the Grassmannian, also stable under the action 
of GL, and can apply all the results we have obtained in Section 3 to its irreducible closed 
subsets that are stable under the action of GL. There is however an important issue that 
comes into play when Hilb^^^j is involved. Roughly speaking, it is the relation between 
the notions of initial and generic initial extensors and the analogous ones for ideals. Now, 
we investigate this relation and show that, independently of the integer m, there is a well- 
dehned ideal corresponding to the generic initial extensor of a closed irreducible subset of 
Hilbp(^) that is also stable under the action of GL. 

From now, a subset of Hilb^^j) that is closed, irreducible, and stable under the action 
of GL is called a GL-stable subset. 

Recall that every iC-point of Gr|^ is a g-dimensional iC-vector space V of Sm- It is 
natural to consider the ideal generated by V in S' and we denote it by ly- Exploiting 
Theorem 2.7, we now relate the initial ideal in(/y) and the generic initial ideal gin(/y) to 
in(V) and gin(V), respectively. 

In general, if V is any point of Gr|^, in(/y) does not need to coincide with the ideal 
Gs{in{v)) and gin(/y) does not need to coincide with /vs(gin(u)), even though their homo¬ 
geneous parts of degree m do, as shown by the following example. 

Example 4.1. Let V be the vector space {x^^xix^ + Xq) C K[xq,xi,X 2 \ 2 . For any term 
order in K[xq,Xi,X2\ with xq -< Xi -< X2, the initial extensor of V is in(V) = x^ A xiX2 
and the initial ideal of ly is in(Jy) = {x 2 ,XiX 2 ,XqX 2 ,Xq). It is evident that and XiX 2 
do not generate in(/y). Indeed, the Hilbert polynomial of K[xq,Xi,X2\I {x 2 ,XiX 2 ) is f-|-2, 
while the Hilbert polynomial of K[xq,Xi,X 2\/ly and of K[xq, Xi, X2\/in{Iy) is p'{t) = 4. 

If V is a point of a Hilbert scheme, an analogous situation to Example 4.1 cannot 
happen. 
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Theorem 4.2. Let V be a K-point of and set Vi := vs(in(l^)) and V 2 := 

vs(gin(y)). Then, the Hilbert polynomial of and Iv 2 is pit), and 

Ivi = in(/y) = (in(Jy)®^*)>m, Iv2 = giB(/y) = (gin(Jy)®^*)>m. 

Proof. Recall that Hilbpj-j) is a closed subscheme of Gr|^ and it is stable under the action 
of GL. Hence, we can apply Proposition 3.1 (ii) to Hilb^^j) and get that both Vi and V 2 
belong to Hilb^^j). Therefore ly, Ivi and Iv 2 share the same Hilbert polynomial p(t). 

Thinking of the points of Hilbp(.j) as subschemes of P^, the regularity of all of them is 
upper bounded by the Gotzmann number of p(t), in particular by m. As a consequence, 
the saturated ideal in S dehning a iP-point of Hilbp(j) can be completely recovered by 
saturation from its homogeneous part of degree m, then (in(Jv)®®'*)>m = ((in(/u)'^*)m). 

Thus, we obtain = in(Iy) observing that these two ideals are generated in degree m, 
their Hilbert functions coincide in every degree m' > m, and (/vjm = in(H) by Theorem 
2.7. The equality ly.^ = follows by the same arguments. □ 

Corollary 4.3. Let W be a closed subset o/Hilbpj-j^. Then, the Hilbert polynomial of the 
ideals /vs(in(VL)) /vs(gin(iT)) is pit). If, moreover, W is stable under the action of GL, 
then lTjs{in{w)) Gs(gin(iT)) is Q point of W. 

Proof. By Proposition 2.9 (ii) and possibly extending K to its algebraic closure as sug¬ 
gested in Remark 2.10, there is a iP-point V oiW such that in(R) = in(hP). Then we 
get the hrst statement for in(H^) as a consequence of Theorem 4.2. This same argument 
applies to gin(iy). The second statement directly follows by applying Proposition 3.1(i) 
and (ii) to the GL-stable subset Oi{V}) of W. □ 

A relevant and immediate consequence of the above results is that the points of the 
Hilbert scheme corresponding to the initial extensor and the generic initial extensor of 
anyone of its points do not depend on the Grassmannian in which we embed the Hilbert 
scheme, recalling that, for every integer m > r where r is the Gotzmann number, the 
Hilbert scheme can be embedded in Gr|^. If we take m' > r, m' ^ m, we 

replace q by q' := — pirn'). 

Corollary 4.4. Let Z be a subset of and denote by W and W the images of Z 

by the embeddings 0 / in Gr^^ and in Gr| respectively, for some m,m' > r. 
Then, 

(-fvs(in(VK)))^^* = (Gs(in(W')))^^* ^.^d (/vs{gin(iy)) )^’^* = (Gs{gin(iy')))^’^*- 

Due to Gorollary 4.4, we can hnally give the following dehnition. 

Definition 4.5. Let H be a GL-stable subset of Hilb^^^^. We will denote by Gy the ideal 
(/vs(gin(Y)))^‘^* in S and call it the double-generic initial ideal ofY. 

Example 4.6. Given a Hilbert polynomial pit) with Gotzmann number r, an integer n and 
a term order -< on S, let / be the ideal generated in S by the greatest — pir) terms 
of degree r w.r.t. -<. If pit) is the Hilbert polynomial of /, then J is a hilb-segment ideal 
(e.g. [15, Dehnition 3.7]). If the hilb-segment ideal exists (e.g. [15, Proposition 3.17]), it is 
the double-generic initial ideal Gy of every irreducible component Y of Hilb^^^^ containing 
it. 
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We end this section observing that, in addition to the irreducibile components, there 
are many other relevant subsets of the Hilbert scheme that are invariant under the action 
of GL. We now list a few examples which are obtained applying Proposition 3.1. 

Example 4.7. 

(i) The irreducible components of the singular locus of Hilb^^^^ are GL-stable. 

(ii) Let / : N —?■ N be the Hilbert function of a subscheme of and let W the locus 
of Hilbp(-j) of points corresponding to subschemes Z of P^ whose Hilbert function 
Hz behaves so that Hv{t) < f{t) for every t eN. The irreducible components of W 
are GL-stable by Proposition 3.1. Indeed, W is stable under the action of GL and 
is closed by semicontinuity (for example, see [32]). 

(hi) For any given integer s, let W be the locus of Hilb^j-j) of points corresponding to 
subschemes of P^ whose regularity is lower than or equal to s, that is the Hilbert 
scheme with bounded regularity Hilb”([^^ which is studied in [2]. It is obviously stable 
under the action of GL, and it is open by semi continuity. Then, the irreducible 
components of the complementary Hilbp(^) \ W (i.e. the set of points of Hilb^^^) 
corresponding to subschemes with regularity > s -f 1) are GL-stable. 

Example 4.8. Let p[t) = c be a constant Hilbert polynomial. 

(i) The locus of Hilb” of points corresponding to schemes that are supported on a 
unique point is closed and stable under the action of GL. Thus, its irreducible 
components are GL-stable. 

(ii) For p[t) = c, the locus of Hilb” of points corresponding to Gorenstein schemes is an 
open subset, stable under the action of GL. Thus, the irreducible components of its 
closure are GL-stable. 

(hi) For p{t) = c, the irreducible components of the closure of the locus of Hilb” of the 
Gorenstein schemes that are supported on a unique point are GL-stable. 

(iv) The irreducible components of the locus of Hilb” of points corresponding to non- 
reduced subschemes of P^ are GL-stable. 

Many other examples can be obtained considering every locus of Hilbp^^) that is dehned 
as a subscheme of P^ by any property of its points, because such a locus is invariant 
under the action of GL. 

5. The partial order -<<( on the terms of 

In this section, we introduce a partial order -<-< between hnite subsets with the same 
cardinality g of a totally ordered set T and prove some properties. Then, we will apply 
these results to the case of lists of terms in Sm and extend them to terms in f\^Sm- We 
obtain that the double-generic initial ideal of a GL-stable subset H of a Hilbert scheme is 
the maximum among all the Borel terms in Y with respect to the partial order This 
characterization gives a simple and deterministic method to recognize the double-generic 
initial ideal of Y among all the Borel ideals in Y. 

Definition 5.1. Let (T,-<) be a totally ordered set and consider A,B Y T containing 
q distinct elements each. We write A -Ei B ii there is a bijection u : A ^ B such that 
a Y i^(a), for every a E A. 

It is quite obvious that -<<: is a partial order and that in particular A A. The 
following technical result allows a better understanding of its meaning. 
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Proposition 5.2. Let (T, -<) be a finite, ordered set and A,B he two subsets ofT contain¬ 
ing q distinct elements each. Further, we index the elements of A = {ai,... ,aq} so that 
Qi ^ Oj+i for every i G {1,..., g — 1}, and similarly for B. The followings are equivalent: 

(i) A -G\ Bj 

(a) for every element c E T, \{ai : F c}\ < \{bj : bj F c}\; 

(Hi) for every i G {1,..., q}, a* ^ 6*; 

(iv) {ai,..., aj \ {fei,..., -<-< {fei,..., \ {oi,..., aj. 

Proof. We first prove that item (i) implies item (ii). Observe that we can assume c G AUB, 
by replacing c if necessary by the smallest term w.r.t. -< in AVJB which is greater than c. 

\i c = Qs E A, then there are exactly s elements in A bigger than or equal to c: more 
precisely, Oj ^ c for i G {1,..., s}. Consider the bijection iw : A ^ B such that u^af) F Oj, 
for every i E {I,... ,q}. Since we have {bi E B\bi ^ = c} 3 then it is 

immediate that \{bi E B\bi F Og = c}\ > s. 

Otherwise, if c = bg E B, then \{bj E B\bj F bg = c}\ = s, and for every j > s we 
have bg >- bj F u)~^{bj). Hence \{aj E A\aj ^ = c}| < s since it is contained in 
A \ {u-\bg+i),.. .,u-\bg)}. 

Item (ii) implies (iii), by contradiction: if there is j G {1,..., g} such that Oj >- bj, then 
|{ai G A\ai h aj}\ = j > \{bi E B\bi ^ aj}\. 

Finally, if item(iii) holds, then we can consider the bijection u : A ^ B dehned as 
Ci;(aj) = bi, which fulhlls the Dehnition of 

The equivalence between item (ii) and (iv) is immediate. □ 

Proposition 5.2 (iii) points out a “natural” bijection between the sets A and B which 
fulhlls Dehnition 5.1, but it does not mean that there are no other such bijections. If, 
for instance, bi F ■ ■ ■ F bg ai F ■ ■ ■ F Oq, then every bijection from A to B fulhlls 
Dehnition 5.1. 

If -< is a term order on S, then for every integer m the couple {Sm H T, -<) is a hnite 
ordered set. From now, we identify every normal expression Ti A ■ • • A G A'^S'm with the 
set {ri,...,rj C S'm n T. 

Definition 5.3. For every two terms Ti A ■ • • A and di A ■ • • A cXq G T|^, we write 
Ti A ■ ■ ■ A Tg -<-< (Ti A ■ ■ • A (Tg if and only if {ti, ..., Tg} -« {ai,..., dg}, according to 
Dehnition 5.1. 

Now, we can apply the partial order -G< of Dehnition 5.3 and the results of Proposition 
5.2 to the terms of A^S'm. If iV is a set of terms of A^S'm, by max^ N we denote (if it 
exists) the maximum of N w.r.t. the order 

In Remark 2.5, we observed that, for every point V of Gr| , we have in(l/) ^ gin(l/). 
Now, we observe there is a stronger relation between in(l/) and gin(l/). More generally, 
we prove that we can replace the order of (2.1) by the order -« of Dehnition 5.3 in the 
study of initial and generic initial extensors of irreducible closed subsets of Gr|^. 

Theorem 5.4. Let W be a subset of Gri such that W is irreducible. Then 

(i) in(hF) = max^ ASupp(hF); 

(ii) gin(hF) = max^ ASupp(C>(hF)); 

(iii) in(hF) -<<: gin(hF); 

(iv) gin(hF) = max_^(B|^ fl W). 
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Proof. For what concerns statement (i), thanks to Proposition 2.3(i) and Proposition 
2.9 (i), we can assnme that W is closed. Fnrthermore, if V is the generic point of W, then 
in(l/) = in(hF) and ASnpp(l/) = ASupp(hF) by Propositions 2.3(iii) and 2.9(iii). Up to 
an extension of the held of scalars, it is snfhcient to prove statement (i) for the iP-point 

U. 

Let in(U) = Ti A • • • A r^. We show that A ■■■ A Cg -« Ti A ■■■ A Tg, for every 
(Ji A ■ • • A (Tq G ASupp(U) \ {in(U)}. 

We can choose for the JP-vector space V the nniqne basis /i, • • •, /q G Sm, with in(/i) = 
Ti and fi = Ti + where the coefhcient of n in the last 

snmmation is 1. Consider A • • • A /q = EaiA...Aa,eASupp(v) A • • ■ A cXq. 

For every normal expression ai A ■ ■ • A ciq G ASnpp(U) \ {in(U)}, by constrnction of 
/i A • ■ ■ A /q we have 

cTi A • • ■ A dq = A • • • A , 

for some 7 permntation of { 1 ,..., q) and appearing with non-nnll coefhcient in f^(e.). 

Hence, we can consider the bijection oj : {ai,..., ag] -A {ti, ..., Tg\ snch that uj{ai) = 
r-j,(£). This bijection uj fnlhlls Dehnition 5.1. 

To prove (ii), we observe that 

gin(VF) = in(C>(hF)) = in(C>(hF)) = max ASnpp(C>(hF)), 

by dehnition of generic initial extensor, by Proposition 2.9 and by fact (i). Then, we 
conclude because ASupp(C>(lU)) = ASupp(C>(lU)) by Proposition 2.3. 

To prove (hi), now it is enough to observe that ASupp(hF) is included in ASupp(C>(hF)). 
Fact (iv) follows by the previous items and by Theorem 2.7(iii). □ 

Remark 5.5. It is important to observe that the statement of Theorem 5.4 does not hold 
true in the weaker hypothesis that the subset W is only closed. Indeed, the generic initial 
extensors of its irreducible components do not need to be comparable by the partial order 
This is a crucial point for the application of this result in subsection 6.1. 

Let I and J be two saturated monomial ideals in S and assume that their Hilbert 
functions are equal in degree m, that is dim^(Jm) = dim^^(J^) = q. If /^ = (cti, ..., ag) 
and Jm = (u, • • •, Eq), then we can compare the sets of terms {ai,..., ag}, {ti, ..., Tq} 
w.r.t. and if {ai ,..., ag} -« {r ..., Tq}, by abuse of notation we will simply write 
dm 

This relation between the degree m components of the two ideals I and J cannot be 
considerd as a relation between the two ideals. Indeed, if m' 7 ^ m then the components of 
degree m' of I and J may have diherent dimensions, hence they are no more comparable 
using -G<. 

We now present some interesting cases, where the relation -« among the degree m 
parts of two monomial ideals lying on the same Hilbert scheme is preserved when passing 
to another degree. The hrst one concerns the double-generic initial ideal of a GL-stable 
subset and follows from Theorem 5.4. 

Corollary 5.6. Let Y he any GL-stable subset o/Hilbpj-j) andr be the Gotzmann number 
of the Hilbert polynomial p{t). If J is the saturated ideal defining a point of Y, then for 
every m > r 

(5.1) 


Jm -A< (Gy) m* 
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Proof. Taking the embedding of Y in Gr|^, the point dehned by J is the i^-vector 
space Jm- Then, fYJm = in(Jm) belongs to ASupp(y). By Theorem 5.4, we have 
gin(y) = in(y) = max^ ASupp(y); hence in particular fYJm -« gin(y). We can 
conclude because gin(Jm) is the homogeneous component of degree m of the double¬ 
generic initial ideal Gy of Y, by Corollary 4.4. □ 

Remark 5.7. Let Y be GL-stable. If ry is the maximum among the regularities of the 
points of y, (5.1) holds true also for every integer m', ry < m' < r, by [2, Theorem 1.2]. 

Let I and J be any two saturated monomial ideals dehning points of the same Hilbert 
scheme. Now, we show that Jm -« Im is equivalent to Jm+i -« Im+i if J and / are 
Borel-hxed and -< is the degrevlex term order. Moreover, if p{t) is a constant polynomial, 

this result holds true for every term order on S. For every term r = Xq° . xf" , we set 

min(r) := min{i G { 0 ,..., n} : Oj 7 ^ 0 }. 

We recall that if the monomial ideal J is Borel-hxed, and J = J>m, with m > reg( 
then J is a stable ideal (see [38, 39] and the references therein for details about stable ideals 
and their properties). We extend [32, Dehnition 2.7] to such an ideal: we call growth-vector 
of Jm the vector gv{Jm) ■= (fo, • • •, ^n), with Vi := |{r G Jm n : min(r) = f}|. 

Lemma 5.8. Let J he any m-regular Borel-fixed ideal with Hilbert polynomial p{t). Then 
the growth-vector of Jm depends only on p{t) and m. 

Proof. Let v = (uq, • • • Wn) be the growth-vector of Jm- By [20, Lemma 1.1], for every 
t > m, we have 

n 

(5.2) q{t) = dim St - p{t) = ^Vi . 

i=0 

Since J is Borel-hxed and m-regular, then J>m is stable and the term belongs to Jm 
[39, Proposition 4.4], and we obtain that Vn = 1. By induction vj is the product of j\ 
times the leading coefficient of q{t) — ^ 

From now on, let J and I be m-regular Borel-hxed ideals in S such that Proj {S/J) 
and Proj {S/I) share the same Hilbert polynomial p{t). 

Given a term r = Xq° ... x°^ G T, in the following we let ^^^(r) := Oj. 

Lemma 5.9. Let -< he the degrevlex term order on S. Assume Jm -« Im, and let 00 : Jfl 
Tm —t / n Tm be any function such that r Y aj{T) for every r G Jm H T. If i := min(r) 
then i = min(a;(r)) and dx^{T) > dx^{oj{T)). 

Proof. Since we are using the degrevlex term order, then min(r) < min(ci;(r)) for every 
r G Jm n T. Hence, min(r) = min(ci;(r)), because the growth vector of Jm is the same as 
the one of Im by Lemma 5.8. The second part of the statement follows directly from the 
dehnition of the degrevlex term order. □ 

Proposition 5.10. If -< is the degrevlex term order on S, then Jm -« Im if and only if 
Jm+l Im+1- 

Proof. First, assume that Jm -« Im and let cUm: J G Tm —)■ / fl Tm be a bijective function 
such that r Y ojmi'r). 

Every term in Jm-i-i is of kind rxg for a unique r E Jm and I < min(r), and the same 
is for Jm+i [20, Lemma 1.1]. For every rxi G J fl Tm-i-i, we dehne uJm+i{TXi) := uJm{'T)xi. 
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Since -< is a term order, it is immediate that u)m+i{TXi) >- rxi. Then, by Lemma 5.9 we 
see that the fnnction oJm+i '■ J H T^+i ^ / n T^+i is bijective. 

Vice versa, assume that Jm+i -« Im+i and let oJm+i '■ t /flTm-i-i be a bijective 

function such that tx^ ^ oom+ii^xi). We now construct ojm'- J H —)■ / fl T^- 

We observe that there is a bijection between the terms in and the subset J^+i of 
terms in Jm+i that are divisible by the square of their minimal variable; indeed we obtain 
such a bijection associating to r G Jm LlT the term r • ^ Jm+i- The same happens 

for the subset I'^+i ^ Im+i dehned in the same way as 

By Lemma 5.9, we obtain C On the other hand l!m+i and J^+i have 

the same cardinality (that of J O and / flTm). Hence, = J'm+i 

obtain the bijection Um by setting Umir) = a;m+i(T • X()/xf, where i. := min(r). □ 

Proposition 5.11. If p{t) = d is a constant Hilbert polynomial, then -« Im if 
only if Jm+i -« Im+i, for every term order -< on S. 

Proof. Being the Hilbert polynomial constant, Jt and It contain all the terms of degree 
t in the variables xi,... ,x„, for every t > m. Hence, we can consider only the terms r 
with min(r) = 0 and conclude by Proposition 5.2(iv) and Lemma 5.8. □ 

6. Applications 

We always consider Hilbp^j) embedded in Gr|^ for some m > r, and, for the sake of 
semplicity, we denote by B|^nHilbp(-j) the set of Borel-hxed extensor terms corresponding 
to points of Hilbp(j). Recall that all the terms of B|^ fl Hilb^^j) can be obtained by the 
algorithms presented in [15, 30] in characteristic 0, and in [6] for every characteristic. 

In this section, we show how the properties of the generic initial ideal and of the partial 
term order -« in B|^ fl Hilbp(-j) can be used to investigate the topological structure and 
the rationality of the irreducible components of a Hilbert scheme. The following hrst 
result singles out a condition that every Borel-hxed ideal dehning a point of a GL-stable 
subset must satisfy. 

Proposition 6.1. Let Y be a GL-stable subset o/Hilbp^^j. 

(i) If L G B|^ n Hilbp(^) and vs(L)-f^(Gy)m, then vs(L) ^ Y. 

(a) IfV is a K-point o/Hilbp^^) and vs(gin(l/))-^(Gy)m, then V ^Y. 

Proof. The statement is an immediate consequence of Theorem 5.4 and of Corollary 5.6. 
Indeed, by these results, the m-degree homogeneous part of the double-generic initial ideal 
of Y determines the maximal term among the Borel terms in Y and, hence, among all 
the terms in Y. □ 

From Proposition 6.1, we have therefore that if vs(L) belongs to a GL-stable subset Y, 
where L is a term, then necessarily vs(L)-<<:(Gy)m- 

6.1. Detection of different components in a Hilbert scheme. In this subsection, 
we see that some interesting lower bounds for the number of irreducible components of 
a Hilbert scheme spring out from the properties of the double-generic initial ideal and of 
the partial term order -G<. 

Proposition 6.2. Let -< be a term order in S and be the number of the maximal 
terms in B| fl Hilb^^^j w.r.t. Then, there are at least irreducible components 
tn Hilb;(,). 
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Proof. The statement follows directly by Propositions 3.1(ii) and 6.1 and Theorem 5.4. □ 

Assuming n > 2, if J C S' is a Borel-hxed ideal, we denote by sata;(,^a;^(J) the ideal 
generated by the evaluations at (1,1, X 2 ,..., Xn) of the terms generators of J and call it 
the Xq, Xi-saturation of J (see [36]). Denote by A the term in nHilb^^j) corresponding 
to the unique saturated lex-segment ideal in S whose Hilbert polynomial is p(t). 

Corollary 6.3. If char{K) = 0 and sat 3 ;o,a:i(vs(L)) ^ sat 3 ;o, 3 ;i(vs(A)) for every maximal 
term L G B| fl \ {A}, then there are at least -|- 1 irreducible components in 

Hiib;(,). 

Proof. It is enough to apply Proposition 6.2 and [36, Theorem 6 ]. □ 

Remark 6.4. If L is a maximal term in B|^ fl Hilb^^j), then the corresponding ideal 
(vs(L)) is strongly stable, also if the held K has positive characteristic. Indeed, let 
L' = (Ti A ■ ■ ■ A (Tg be a Borel-hxed extensor term whose corresponding ideal is not strongly 
stable. Then, over any held of charactestic zero, ti A • • • A := gin(((Ji,..., cxq)) is 
a Borel term corresponding to a strongly stable ideal with Hilbert polynomial p{t) and 
Ti A • • • A Tg >->- (Ji A ■ • • A (Tq. Therefore, in B|^ Pi Hilb^^^) there is at least a term which 
is >¥- of L'. Following the terminology introduced in [12], the ideal (ri,...,rq) is the 
zero-generic initial ideal of {ai,..., aq). 

The bounds of Proposition 6.2 and of Corollary 6.3 are not meaningful in two cases. 
The hrst is when p{t) is a constant Hilbert polynomial, because then all the Borel-hxed 
ideals are on the same component, hence for every term order on S we will hnd a unique 
maximal term w.r.t. The second case is when the given term order ^ on S' is the deglex 
one, because there is the unique maximal term corresponding to the lex-segment ideal. 
Anyway, in general we can get useful information, although the lower bound depends on 
the term order given on S, as the following example shows. 

Example 6.5. For n = 3 and p{t) = 7t — 5, the Gotzmann number is r = 16. We get the 
complete list of the 112 strongly stable ideals in Hilb 7 f _5 by [15, 30] and compare their 
intersections with Sig w.r.t. -« for several term orders in S' . As just observed, there is 
only one maximal element for the lexicographic term order. If we consider the term order 
on S' given by the weight vector [tco = 1, tci = 2 , W 2 = 9, tcs = 12 ] (and ties broken by lex) 
we obtain two maximal terms corresponding to the ideals with saturations bi := (a:|, x‘^X 2 , 
X 3 X 2 , xlxi, X 2 ) and 62 := {xl, x^x^, X 2 ), respectively. Computing the Xq, Xi-saturation, we 
see that neither of them lies on the component containing the lex-segment ideal, because 
(vs(A))®'^* = {x 3 ,xl,xlxl). Thus, there are at least 3 irreducible components in Hilb^j-^j 
by Corollary 6.3. 

If we choose the degrevlex term order, we hnd 4 maximal terms corresponding to the 
ideals with the following saturations: the ideals bi, b 2 previously considered and 

Y. /'322 32 2 22 2 3 7\ 

bs := [X^, X^X 2 , XsX 2 , X^X 2 Xi, X 3 X 2 X 1 , X^X^, X3X2X^, X^X^, X 2 ), 

t. ('32 222 2 6 \ 

04 := [X 3 , X 3 X 2 , X 3 X 2 , X 3 X 1 , X 3 X 2 X 1 , X 2 ). 

We conclude there are at least 4 irreducible components in Hilb^^^^, by Proposition 6.2 
since in this case the hypothesis of Corollary 6.3 does not hold. 
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6.2. Maximal Hilbert function in a GL-stable subset. In this subsection, if / and 
g are two numerical functions, we say that / is greater than g if /(f) > g{t), for every 
f G N, and write f > g. 

As we have already recalled in Section 5, if a monomial ideal J is Borel-hxed, and 
J = (Jm), with m > reg(J'^'^*), then J is stable. 

Theorem 6.6. Let -< be the degrevlex term order in S. IfV and V are two K-points of 
Hilb^(*) such that J := Iv and I := ly' are Borel-fixed ideals, then 

1/ I/' ^ dimK(J'^'^*)t > dimi^(r’^*)4, V f > 0. 

In particular, ifY is a GL-stable subset o/Hilb^^^), the Hilbert function o/Proj(S'/Gy) 
is the maximum among the Hilbert functions of ProfiS/H), where H varies among the 
saturated ideals defining points ofY. 

Proof. It is enough to prove dimi^( > dim;^(J*^’^*)t for every t < m, because V and 
V are points of the same Hilbert scheme and m is an upper bound for the regularities of 
both J and I. 

For every t < m, dimx( is the number of terms of Jm which are divisible by 
because J is Borel-hxed. Since V >¥- V, we can apply Proposition 5.2 (ii) to c = 
and see that the number of terms in vs(I/) divisible by is larger than or equal to 
those in V'. Hence, we obtain dimj^(> dim;^(/®®'*)t. 

The last statement follows from Theorem 5.4(ii) and the fact that, for every homoge¬ 
neous polynomial ideal H, gin^(iP®®'*) = gin_,(iP)®^*, being -< the degrevlex term order. □ 

Remark 6.7. By Theorems 6.6 and 5.4(ii) we get another method to hnd different irre¬ 
ducible components of a Hilbert scheme that consists in detecting the maximal Hilbert 
functions of projective schemes with a given Hilbert polynomial. This method might be 
easier to use than the detection of the maximal Borel terms w.r.t. the partial order -G<. 
However, the detection of the maximal Hilbert functions gives a lower bound on the num¬ 
ber of irreducible components which is far from being sharp: for instance, in Example 6.5 
we hnd 4 maximal Borel-hxed terms but there are only 2 maximal Hilbert functions. 


Remark 6.8. The existence of the maximum among the Hilbert functions on a GL-stable 
subset of Hilbp(j) can be proved by semicontinuity in the following way, although we 
observe that Theorem 6.6 gives a constructive answer. Let H be a GL-stable subset of 
Hiib;(,), m be an upper bound on the Castelnuovo-Mumford regularity of points in Y. 
We dehne the following numerical function / ; M —)■ M 


fit) 


max{iL5//(t) |/gF}, ifl<t<m 

pit), otherwise. 


For every 1 < s < m, the subset = {/ G Y\Hs/iis) > /(s)} of H is open by 
semicontinuity [29, Remark 12.7.1 in chapter HI]. Hence HfLiAg is an open subset of Y 
and it is non-empty, because every Ag is non-empty by construction of /. Thus, there is 
an open subset of ideals I E Y having maximal Hilbert function /. 


It would be nice to hnd a result analogous to that of Theorem 6.6 for the deglex term 
order. We state the following conjecture. 
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Conjecture 6.9. Let F be a GL-stable subset of and ^ be the deglex term order. 

Then, the Hilbert function of Proj(S'/Gy) is the minimum among the Hilbert functions 
of Proj(S'/iL), where H varies among the ideals dehning a point of Y. 

6.3. Rational components of a Hilbert scheme. The following results deal with the 
rationality of irreducible components in a Hilbert scheme. The main tools we use are 
some of the features of double-generic initial ideals together with arguments introduced 
in [22, 31, 37]. 

Theorem 6.10. Let Y be an isolated irreducible component o/Hilb^^^^. If gin{Y) corre¬ 
sponds to a smooth point in Y, then Y is rational. 

Proof. Let L := gin(y) and recall that Vl is the set of points of Gr|^ having L as initial 
extensor (see (3.1)). By Proposition 3.1(i), L is equal to in(H) and, by Proposition 3.3, 
Vl n F is a dense open subset of Y. 

By [37, Lemma 3.2] and [31], the set of ideals in S having a given monomial ideal J as 
initial ideal w.r.t. any given term order can be endowed with a structure of homogeneous 
scheme X w.r.t. a non-standard grading. The reduced scheme structure and the 
isolated irreducible components of X turn out to be homogeneous too [22, Corollary 2.7]. 
Moreover, X is connected, because every isolated irreducible component contains J, and 
every isolated irreducible component of X that is smooth at J is isomorphic to an affine 
space [22, Corollary 3.3]. 

We now apply these results to the monomial ideal J = (vs(L)). Note that it is enough to 
consider the reduced scheme structure X^^'^ because we deal with the isolated irreducible 
components of X that are smooth at the point J. By dehnition of Hilbert scheme, 
Xred p Hilb^j-j^are isomorphic. Moreover, by Proposition 3.3(a), the set 

(VLPlHilbp^^))^®'^ contains the open subset Y' := VlCF of Y which is one of the irreducible 
components of (Vl fl Hilb^j-j))^®'^ and, hence, preserves a homogeneous scheme structure. 
Being vs(L) a smooth point of F, it is also smooth on Y'. Thus, Y' is isomorphic to an 
affine space and F is rational. □ 

As an application of Theorem 6.10 we recover the well-known fact that the irreducible 
component of a Hilbert scheme containing the unique saturated lex-segment ideal is ra¬ 
tional (e.g. [31]). We now present a new result in the following corollary, where we focus 
on the 2-codimensional Cohen-Macaulay points of a Hilbert scheme. 

Corollary 6.11. Let p{t) be a Hilbert polynomial of degree n — 2. Every irreducible 
component Y of Hilb^^^^ containing a point V corresponding to an arithmetically Cohen- 
Macaulay subscheme is rational. 

Furthermore, if L = gin(F), then Vl is isomorphic to an affine space and Ul is the 
Cohen-Macaulay locus ofY. 

Proof. Recall that the subset C of Hilb^^^) formed by the points corresponding to arith¬ 
metically Cohen-Macaulay subschemes is an open subset containing V [26, Theoreme 
(12.2.1)(vii)]. Moreover, V and every other point dehning an arithmetically Cohen- 
Macaulay subscheme of codimension 2 correspond to smooth points in Hilbp^^^ (see [24] 
for n = 2 and [21, Theorem 2(i)] for n > 3). Hence, C fl F is a smooth, non-empty 
open subset of F. It is well-known that if we choose the degrevlex term order, then 
also gin(Jy)®®'* = gin(Jy'*) dehnes an arithmetically Cohen-Macaulay subscheme of P^. 
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By Theorem 4.2, the ideal gin(/y^*) is the double-generic initial ideal Gy of Y, and 
its homogeneous component of degree m is vs(L) with L = gin(y) = gin(l/). Thus, 
Theorem 6.10 allows us to conclude that Vl is an affine space and we observe that, by 
dehnition, V belongs to Ul- Note that the result we obtain holds for every V G G fl y, 
hence Ul = C HY. □ 

Example 6.12. In this example we apply Theorem 6.10 to the double-generic initial ideal 
Gy of an irreducible component Y of a Hilbert scheme, which is smooth for Y, but which 
is not smooth for the Hilbert scheme. 

Let us consider the Hilbert scheme Hilb3^_,_2 over a held of null characteristic. There 
are 4 saturated Borel ideals corresponding to points on this Hilbert scheme 

bi := (X3, X 2 , xjxl), b 2 := (xg, X 2 X 3 , X 1 X 3 , x^, Xixl), 

63 := {xl, X 2 X 3 , xl, xlx3), 64 := (xg, X 2 X 3 , xl, Xixl). 

The ideal bi corresponds to the lex-segment point of Hilb3^_,_2. It is well-known that such 
a point belongs to a unique component, that we denote by Yi, and this component is 
rational. By a direct computation, we hnd that the dimension of Yi is 18 and that its 
general point corresponds to the union of a plane cubic curve and two isolated points. By 
[36, Theorem 6], we see that also 62 and 63 dehne points of Yi, while 64 does not. 

If we choose the degrevlex term order, we hnd that 64 is the maximum w.r.t. -« of 
the Borel ideals. By a direct computation involving marked schemes (see [16, 7, 9]), 
using for instance either the Singular library [13, 17] or the algorithm described in [8], we 
obtain that b4 is contained in two irreducible components I2 and Y3. Therefore, the point 
corresponding to b4 is not smooth for the Hilbert scheme. However, it turns out to be 
smooth for both Y 2 and Y 3 , and by Theorem 6.10 we get that Y 2 and Y 3 are both rational. 

To complete the description, by a direct computation we hnd that the dimension of Y 2 
is 12 and its general point corresponds to the disjoint union of a conic and a line. 

Here are the generators of one of the ideals we obtain after a random specialization of 
the 12 free parameters: 

fi = x'^ + 990 xq — X2 — 3 x 1 X 2 — X1X3 — 2x3 -|- 67 xoX 3 — 28x9X2 — 68x9X1 
/2 = X2X3 -|- 484 xq — X2 — 2x1X3 -|- 4 xf -|- 22x9X3 — 88x9X1 

f 3 = X 2 ~ 6538 xq -|- 8x9X2 -|- 4x3X3 — X2X3 -|- 30x9X1X2 -|- 8X0X1X3 -|- 286x9X3 -|- 6x3 — 4 xqX 3 — 
711xqX 2 — 386xgXi 

/4 = X1X2 -|- 1913 Xq — 8x9X2 -f x|X3 — 3 X 9 X|X 2 — 3 xiX 2 -f 2 xoXiX 3 -|- 69 X 9 Xf -|- 5X3 — XqX3 -|- 
22xqX2 — 815 xqXi 

and the primary decomposition of this ideal 
pi = ( 3 xi -I- X3 -I- 23 xo, X2 - 2 xi -I- 22x9) 

p2 = (— 2 x 1 -l- X3 -|- 22 xo — X2, 7 x 1 ~ 2 xiX 2 + 72x9X1 — 7x9X2 + x^ — 645 xq). 

The dimension of Y3 is 15 and its general point corresponds to the union of a twisted 
cubic curve and a point. Here are the generators of one of the ideals we obtain after a 
random specialization of the 15 free parameters: 

/{ = X3 -|- 37 xq — 18x3 — X2 — 8x1X3 — 8x1X2 -|- 2x9X3 — 6x9X2 -f ISxqXi 
/2 = X2X3 -|- 31 xq — 12 xf — xl — 2x1X3 -|- 2 xiX 2 -|- X9X3 -|- 16x9X1 

/j = xl — 150 Xq -|-86X9xf — 24X3 — 10 xfx 3 -|-37X9X1X3 -|-X2xf — 7X9X1X2 — 30 XqX 3 — XqX 2 — HXqXi 
/ 4 = Xix| — Xq — 2X9X3 -I- X0X2 — 2X3X3 -I- 3X9X1X3 — X2X3 — X0X1X2 -I- 5XqX3 — 3 XqXi 

and the primary decomposition of this ideal 
p'3 = (X9 -L Xl, X2 - 8x9, X3 - 7x9) 
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P2 — — 2 xixs — 2 xqXi — Xq -I-T2 + 5 X0X3, X2X3 -|- 30xq — 4xiX3 -|- X1X2 — 12 -|- 6x3X3 -|- 

14xoXi, x| -|- 36 xq — 5x1X3 — 4 xiX 2 — 18xf -|- 7x3X3 — 6x3X2 + 13x3X1). 

Finally, computing the marked schemes on 62 and b3, we check that Yi, Y 2 and are 

the only irreducible components of Hilb3j_,_2. 
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